It is well known that space-time coordinates and corresponding Dp-brane worldvolume become non-commutative, if open string ends on Dp-brane with Neveu-Schwarz background field B µν . In this paper we extend these considerations including the dilaton field Φ, linear in coordinates x µ . In that case the coordinate in direction orthogonal to the hyper plane Φ = const, commutes with other Dp-brane coordinates.
Introduction
In the presence of the antisymmetric tensor field B µν , quantization of the open string ending on Dp-branes leads to non-commutativity of Dp-brane world-volume. This result has been obtained for constant metric G µν and antisymmetric tensor B µν , by some different methods: in terms of mode expansion of the classical solution [1] , using conformal field theory [2] and with the help of Dirac quantization procedure for constraint systems [3] .
In this paper we preserve the condition for background fields G µν and B µν to be constant, but we include linear part of the dilaton field Φ. This choice is consistent with the space-time field equation, obtained from conformal invariance of the world-sheet theory.
We apply canonical method and folloing ref. [3] , we treat boundary conditions as a primary constraints. In our choice of background, beside the known boundary conditon γ (0) i | ∂Σ = 0, corresponding to Dp-brane coordinate x i there is additional one γ (0) | ∂Σ = 0, corresponding to conformal part of the world-sheet metric, F . Using Dirac method, we find that consistency conditions lead to two infinite sets of new constraints γ † e-mail address: sazdovic@phy.bg.ac.yu γ (n) | ∂Σ = 0 , (n ≥ 1). On one string endpoint we substitute each set with one parameter conditions, Γ i (σ) = 0 and Γ(σ) = 0, and on the other string endpoint with conditions Γ i (σ) = 0 andΓ(σ) = 0. The periodicity condition solves the bar constraints. As a consequence of the constraints Γ i (σ) = 0 and Γ(σ) = 0, which are particular orbifold conditions, all effective variables are symmetric under transformation σ → −σ, which reduces the phase space by half.
The constraints are of the second class. Instead to use Dirac brackets, as in ref. [3] , we explicitly solved the constraints in terms of effective open string coordinate q i and effective open string conformal part of the world-sheet metric f .
We find effective theory in terms of open string variables. It has exactly the same form as original theory, but with different Dp-brane background fields. The explicit dependence on antisymmetric field disappears and it contributes only to the effective metric tensor G ij , as well as in the absence of dilaton field. The effective dilaton field is linear in open string coordinate, q i .
We calculate Poisson brackets between all variables. We find that the conformal part of the metric, f , and one Dp-brane coordinate, x ≡ a µ x µ , are commutative, while all other Dp-brane coordinates remain noncommutative.
Definition of the model and canonical analysis
Let us start with the action of the bosonic open string, [4] - [8] 
1) propagating in the non-trivial background, described by x µ dependent fields: metric G µν , antisymmetric tensor field B µν = −B νµ , dilaton field Φ and U (1) gauge field A i living on Dp-brane. Here, ξ α (α = 0, 1) are coordinates of two dimensional world-sheet Σ and x µ (ξ) (µ = 0, 1, ..., D − 1) are coordinates of the D dimensional space-time M D . We chose the gauge, where x i (i = 0, 1, ...p) are Dp-bane coordinates. The intrinsic world-sheet metric we denote by g αβ and corresponding scalar curvature by R (2) . Through the paper we will use the notation
If both ends of the open string are attached to the same Dp-brane the action can be written as
where modified Born-Infeld field strength
incorporate antisymmetric field with the field strength of the vector field. In the conformal gauge
we have R (2) = 2∆F , and the action takes the form
Note that the dilaton field breaks the conformal invariance, so that the component F of the metric tensor survives and the variables of the theory are x µ and F . It is enormous task to make further progress with arbitrary background fields. So, we are going to chose some particular solution of the space-time field equations [5] 8) which are consequences of the world-sheet conformal invariance, as necessary conditions for consistency of the theory. Here, a µ = ∂ µ Φ, F µρσ is field strength of the field F µν and R µν , R and D µ are Ricci tensor, scalar curvature and covariant derivative with respect to space-time metric. Following ref. [8] we chose
For simplicity, we suppose that antisymmetric tensor and gradient of dilaton field are nontrivial only along directions of the Dp-brane world-volume, so that F µν → F ij and a µ → a i . We also chose coordinates so that G µν = 0 for µ = i ∈ {0, 1, .., p} and ν = a ∈ {p + 1, ..., D − 1}. So, the action under investigation is
and the components x a , decouple from all other variables. We are going to apply canonical methods to the action (2.11). Let us briefly review the results of the canonical analysis, ref. [9] , adapted to the present case. The currents on the Dp-brane have the form
where π i and π are canonical momenta for x i and F . For the directions orthogonal to the Dp-brane, only non trivial current is
where π a is momentum for x a . It commutes with all other currents and we will omit it from now. We also introduce the projection operators
All τ and σ derivatives of the fields x i and F , can be expressed in terms of the corre-
and
The canonical Hamiltonian density, which corresponds to Dp-brane part
is defined in terms of energy momentum tensor components
The same chirality energy-momentum tensor components, satisfy two independent copies of Virasoro algebras, while the opposite chirality components commute
Open string boundary conditions as a constraints
To describe open string evolution, both the equations of motion and the boundary conditions are necessary. In paper [9] , using canonical method, we derived the world-sheet field equations, which in particular case have the form, ∆x µ − 2a µ ∆F = 0 and a µ ∆x µ = 0. For a 2 = 0 they turn to the standard ones
Let us consider the boundary conditions. It is useful to introduce the variables
For the coordinates along Dp-brane directions and conformal part of the world-sheet metric we use Neumann boundary conditions, allowing arbitrary variations δx i and δF on the string end points. Then the boundary conditions can be written in the form
Comparing with dilaton free case, the second condition, relating to the additional variable F , is a new one. Note that the constant field F ij does not appear in equations of motion and contributes only to the boundary conditions. For other coordinates we use Dirichlet boundary conditions, requiring the edges of the string to be fixed, δx a | ∂Σ = 0.
We are interested in the conditions (3.3). Using the expressions for τ and σ derivatives, (2.18) and (2.19), we can rewrite boundary conditions in terms of the currents
Following approach of ref.
[3], we will consider expressions, γ
i | ∂Σ and γ (0) | ∂Σ , as primary constraints and we are going to find corresponding consistency conditions. The fact that background fields G ij , F ij and a i are x i independent, simplify Poisson brackets and we obtain
Diarc consistency conditions generate two infinity sets of new conditions in the form γ
Using Taylor expansion, we can trade infinity derivatives at the point with one variable function, so that conditions on one string endpoint take the form
On the other string endpoint, similarly we havē
These expressions differ from boundary conditions, (3.4), only in the arguments of positive chirality currents. On one string endpoint we have J i + (−σ) , i F + (−σ) and i Φ + (−σ), and on the other one J i
. Because linear combinations of the constraints are also constraints, from (3.8)-(3.11) we can conclude that all positive chirality currents are periodic, for σ → σ+2π. Consequently, all variables x i , π i , F and π are also periodic.
From (3.5) follows
which means that all constraints weakly commute with hamiltonian. Therefore, there are no more constraints. After same calculations we obtain
14)
were we introduced effective metric tensor
Following ref. [2] we will refer to it as the open string metric tensor, -the metric tensor seen by the open string. The inverse of effective metric tensor we denote byG ij . If we raised the indices of covector V i withG ij , we will put tilde under corresponding vectors. So, we havẽ
Direct calculation yields
where we denoted χ A = {Γ i , Γ}. Therefore, forã 2 = 0, which we assume, we have rank△ AB = p + 2 and all constraints are of the second class (except the zero mode, see [10] ).
Solution of the boundary conditions
The periodicity condition solves the second set of constraints (3.10)-(3.11) and we are going to solve the first one (3.8)-(3.9). It is useful to introduce new variables
3)
to which we will referee as open string variables. Using the relations
we can write the constraints in terms of open string variables
The symmetric and antisymmetric parts under transformation σ → −σ, separately vanish. Therefore, form Γ i (σ) = 0, we obtain
and from Γ(σ) = 0p = 0 , a iq i′ = 0 . We can solve all antisymmetric (bar) variables in terms of symmetric ones
where in analogy with (2.17) we introduced tilde projectors
(4.14)
Using (4.1)-(4.4) and (4.12)-(4.13), we can express original variables in terms of new ones
As a consequence of particular form of the conditions, Γ i (σ) = 0 and Γ(σ) = 0, the effective theory depends only on the variables symmetric under σ → −σ.
The effective theory in terms of open string variables
The original string theory is completely described by the energy-momentum tensor T ± , (2.21), in terms of variables x i , F and theirs momenta π i , π. We are going to find effective energy-momentum tensorT ± , in terms of new variables q i , f and corresponding momenta p i , p.
Because we have expression for energy-momentum tensor in terms of the currents, we will first express the currents in terms of new variables. In analogy with equations (2.13), (2.14), (2.15) and (2.12) we introduce new, open string currents
They depend on new variables in similar way as the original currents depend on the original variables. The metric tensor is substituted by the effective one and the main difference is, that there is no explicit dependence on antisymmetric tensor, but it contributes only through the effective metric tensor. Formally, we can first put F ij → 0 and then G ij →G ij .
Let us stress that in all open string currents we systematically substitute a i and a 2 with a i andã 2 . With the help of (4.15)-(4.16), we can express the original currents in terms of new variable. We will preserve the same notations for these expressions and relate them with open string currents (5.1)-(5.3), obtaining
Using the expression
we get useful relation
Finally, we are in position to find energy-momentum tensor in terms of open string variables. With the help of (5.4)-(5.7) we obtain
So, we can conclude that the effective energy-momentum tensor depend on open string currents in exactly the same way as the original energy-momentum tensor depend on original currents. Therefore, instead of standard formulation in terms of variables x i , F and corresponding momenta π i , π in background fields G ij , F ij and Φ the effective theory is expressed in term of new variables q i , f and corresponding momenta p i , p in background fields G ij ,F ij = 0 andΦ = Φ 0 + a i q i . In the first case, together with equations of motion, the boundary conditions (3.3) must be used. In the second case, we should impose the symmetries σ → σ + 2π and σ → −σ, which are some particular forms of orbifold conditions.
The open string hamiltonian takes the formH c =T − −T + , and corresponding equations of motion are∆
The Laplace operator∆ is defined with field f as a conformal part of the effective worldsheet metric,g αβ = e 2f η αβ .
Commutative Dp-brane direction
From standard Poisson brackets
and relations (4.1)-(4.4) we have
is symmetric delta-function. So, q i and p i , as well as f and p, are canonically conjugate variables on subspace symmetric under σ → −σ.
With the help of (4.15)-(4.16) we can calculate Poisson brackets between the coordinates
where
It is useful to separate the center of mass,
, so that we have
It looks similar like relation in the absence of dilaton field [1] - [3] , but there are some significant differences. Let us first explain geometrical meaning of the projectors P T ij andP T ij . Note that vector a i is normal to the D − 1 dimensional submanifold M D−1 , defined by the condition Φ(x) = const. For a 2 = 0 (ã 2 = 0), the corresponding unit vectors for the closed and open string respectively are n i =
Here ε = 1 (ε = 1) if a i is time like vector, and ε = −1 (ε = −1) if a i is space like vector with respect to metrics G ij (G ij ). Consequently, 8) are induced metrics on M D−1 , and we can rewrite (6.6) in the form
This expression in fact is similar as in the absence of dilaton field. The essential part again is Born-Infeld field strength F kq , but in the present case we raised indices with metrics of submanifold M D−1 :G (D−1)ij and G (D−1)ij instead of metrics of manifold
Consequently, from the relation a i P T ij = 0, follows a i Θ ij = 0 and the component x ≡ a i x i commutes with all other coordinates
This is an example of Dp-brane with one commutative coordinate in a i direction (proportional to gradient of the dilaton field).
In the presence of dilaton field, there is one more pair of variables which potentially could be non-commutative. The coordinate x i , beside q i , depend on momentum p and the field F , besides f , depend on momentum p i . After some calculations, we find that the corresponding contributions canceled and we have
Concluding remarks
In this paper we presented an interesting example, choosing background with dilaton field linear in coordinate and constant metric and antisymmetric fields. This chose of background preserves the conformal symmetry of the world-sheet theory. We investigated the contribution of dilaton field to the non-commutativity of the Dp-brane world-volume. We found complete set of constraints Γ j (σ) = 0, Γ(σ) = 0,Γ j (σ) = 0 andΓ(σ) = 0 which include open string boundary conditions as a primary constraints, and infinite sets of constraints obtained from Dirac consistency conditions. We solved them explicitly, imposing periodically condition and expressing all variables odd under σ → −σ in terms of the even ones.
The effective theory in terms of open string variables q j and f , has precisely the same form as the original theory in terms of closed string variables x j and F . It has the same form of energy-momentum tensor, the same form of hamiltonian and the same form of field equations. There are two differences. First, the closed string background G ij , F ij = B ij + ∂ i A j − ∂ j A i and Φ = Φ 0 + a i x i should be substituted by the open string one
Second, for open string variables q i and f , instead of the boundary conditions γ (0)
i | ∂Σ = 0 and γ (0) | ∂Σ = 0, the symmetries under σ → σ + 2π and σ → −σ should be imposed.
The relation between the closed and open string variables clarify the origin of noncommutativity. The closed string variables depend on open string variables, but also on the corresponding momenta. So, the Poisson brackets between the variables could be nontrivial. This occurs only for the string endpoints. The interior of the string, as well as the conformal part of the metric, commutes with all variables.
We found explicit relation for non-commutativity parameter Θ ij , (6.6) and (6.9). The presence of dilaton field linear in coordinates decreases the rank of the antisymmetric matrix Θ ij by 1 as a consequence of the relation a i Θ ij = 0. Therefore, it turns one coordinate, in a i direction, to the commutative one.
It is instructive to compare the symmetric and antisymmetric string parameters, in three different cases. For closed string, the metric tensor and Born-Infeld field strength satisfies
2)
The open string is sensitive to the effective metric tensor and non-commutative parameter.
In dilaton free case they produce 
